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Shifting operators in geometric quantization
Richard Cushman∗ and Jędrzej Śniatycki†
1 Introduction
In a series of papers on Bohr-Sommerfeld-Heisenberg quantization of com-
pletely integrable systems [4], [5], [6], [11], we interpreted shifting operators
as quantization of functions e±iϑj , where (Ij , ϑj) are action angle coordinates.
The aim of this paper is to show how these operators occur in prequantiza-
tion, which is the first step of geometric quantization.
The prequantization line bundle of a symplectic manifold (P, ω) is a
complex line bundle pi : L → P with connection whose curvature form is
− 1hω. Parallel transport leaves the Hermitian form 〈· | ·〉 invariant. Here
h is Planck’s costant. A comprehensive study of prequantization, from the
point of view of representation theory, is given by Kostant in [8]. The in-
clusion of Planck’s constant is due to Blattner [2]. Following Kobayashi and
Nomizu [7], we find it convenient to work in terms of the principal C×-bundle
pi× : L× → P associated to pi : L→ P , where C× is the multiplicative group
of nonzero complex numbers.
The aim of prequantization is to construct a representation of the Poisson
algebra C∞(P ) of (P, ω) on the space of sections of the line bundle L. Each
Hamiltonian vector field Xf on P lifts to a unique C×-invariant vector field
Zf on L× that preserves the connection β. If the vector field Xf is complete,
then it generates a 1-parameter group etXf of symplectomorphisms of (P, ω).
Moreover, the vector field Zf is complete and it generates a 1-parameter
group etZf of connection preserving diffeomorphisms of the bundle (L×, β),
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called quantomorphisms, which cover the 1-parameter group etXf .2 In
applications, we have to deal with incomplete vector fields. In this case,
etXf and etZf are local 1-parameter groups of local diffeomorphisms of P
and L×, respectively. In order to avoid this lengthy expression, we shall
refer to etXf and etZf as flows of Xf and Zf , respectively. though it is an
abuse of terminology. Since L is an associated bundle of L×, the local action
e tZf : L× → L×, induces a local action ê tZf : L→ L, which acts on smooth
sections σ of L by push forwards, σ 7→ ê tZf∗ σ = ê tZf ◦σ ◦e−tXf .. Though
ê
tZf∗ σ may not be defined for all σ and all t, its derivative at t = 0 is defined
for all smooth sections.
Rfσ = d
dt t=0
ê
tZf∗ σ. (1)
The map f 7→ Rf is the representation of the Lie algebra structure of the
Poisson algebra C∞(P ) on the space S∞(L) of smooth sections of pi : L→ P
we have been looking for. The prequantization operator Pf = i~Rf , where
~ is Planck’s constant divided by 2pi, is a symmetric operator on the Hilbert
space H of square integrable sections of L. Moreover, Pf is self adjoint if Xf
is complete.
The whole analysis of prequantization is concerned with globally Hamil-
tonian vector fields. Since every vector field on (P, ω) that preserves the
symplectic form is locally Hamiltonian, it is of interest to understand how
much of prequantization can be extended to this case. We denote a lo-
cally Hamiltonian vector field by X. Suppose that X is integral, that is,
there is a good covering of P such that the locally determined Hamilto-
nian functions on overlaps have integer difference. Then there is a smooth
mapping [f ] : P → S1 = R/Z, which is determined by the local Hamil-
tonians. We begin by lifting the problem to the universal covering space
(P˜ , ω˜) of (P, ω). The lift X˜ of X is uniquely defined. It is the Hamiltonian
vector field X
f˜
for some f˜ ∈ C∞(P˜ ), which is determined up to an addi-
tive constant. Because X
f˜
is a Hamiltonian vector field on P˜ , it is integral.
We can lift the line bundle pi : L → P and the bundle pi× : L× → P to the
line bundle pi : L˜→ P˜ and the bundle pi× : L˜× → P˜ , respectively. We repeat
the whole process discussed above. As before, we get a local action ê t Zf˜ on
L˜. We can always choose the additive constant for f˜ so that the smooth
mapping [f˜ ] : P˜ → S1 pushes forward to the mapping [f ] : P → S1. This
2The term quantomorphism was introduced by Souriau [12] in the context of SU(n)-
principal bundles. The construction discussed here follows [10], where the term quan-
tomorphism was not used. In [14] Vaughan studies quantomorphisms for metaplectic-c
quantization.
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allows us to push forward the operator êhZf˜ on S∞(L˜) to an operator a[f ]
on S∞(L). For every n ∈ Z>0, the operator ênhZf˜ pushes forward to an[f ]. If
the vector field X is not completes then an[f ] is not defined for all n ∈ Z>0.
These results are obtained in the framework of prequantization, and are
independent of the choice of polarization. If we adopt a fibrating polarization
of (P, ω) by Lagrangian tori, then the only sections of L of interest are sup-
ported by Bohr-Sommerfeld tori, that is, tori satisfying the Bohr-Sommerfeld
conditions [10]. Each Bohr-Sommerfeld torus T defines a unique state of the
system, because a normalized section σ of L supported on T and covariantly
constant along T is defined up to a constant phase factor. In the construc-
tion defined above is a freedom of choosing a representative f˜ ∈ C∞(P˜ )
of [f ]. This freedom leads to a phase factor multiplying the operator a[f ].
Nevertheless, the shifting operator a[f ] is well defined on the quantum states
of the Bohr-Sommerfeld theory.
2 Principal bundle
Let C× be the multiplicative group of nonzero complex numbers and let
pi× : L× → P be a (right) principal C× fiber bundle with (right) C× proper
free action
Ψ : L× × C× → L× : (`×, b) 7→ Ψ(`×, b) = Ψb(`×) = `×b. (2)
and C×-invariant projection mapping pi× onto P . Here P is the orbit space
L×/C× and pi× is the orbit map.
We assume that the principal bundle pi× : L× → P has a principal
connection form β satisfying the quantization condition
dβ = (pi×)∗(− 1
h
ω). (3)
Here h is Planck’s constant and ω is a symplectic form on P whose co-
homology class [− 1
h
ω] is integral, that is, lies in H2(P,Z).3 A connection
preserving automorphism of the principal C× bundle pi× is called a quanto-
morphism. If ϕ̂ : (L×, β) → (L×, β) is a quantomorphism, then it covers a
symplectomorphism ϕ : (P, ω)→ (P, ω), that is, pi× ◦ ϕ̂ = ϕ ◦pi×.
The Lie algebra c× of C× is isomorphic to the abelian Lie algebra C.
Different choices of the isomorphism lead to different factors in various
3This condition ensures the existence of a complex line bundle over (P, ω) with the
prescribed curvature.
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expressions. The choice made here is consistent with the formalism adopted
in [8]. To each c ∈ C = c×, we associate the 1-parameter subgroup t 7→ e2pii tc
of C×. We denote by Yc the vectorfield on L× tangent to orbits of the action
of e2pii tc on L×. In other words, for every `× ∈ L×
Yc(`
×) =
d
dt t=0
Ψe2pii tc(`
×). (4)
Yc is called the fundamental vector field on L× corresponding to c ∈ c×. For
every `× ∈ L×,
kerT`×pi
× = {Yc(`×) ∈ T`×(pi×)−1(p) c ∈ c×}, (5)
where pi×(`×) = p. In the following, we refer to kerTpi× as the vertical
distribution on L×.
The kernel kerβ of the connection 1-form β on L× is called the horizontal
distribution on L×. The vertical and the horizontal distributions on L× give
rise to the direct sum
TL× = kerTpi× ⊕ kerβ, (6)
which defines an Ehresmann connection on the bundle pi× : L× → P . It is
used to decompose any vector field Z on L× into its vertival and horizontal
components, Z = verZ + horZ. Here verZ has range in kerTpi× and
horZ has range in kerβ. If X is a vector field on P , the unique horizontal
vector field on L× that is pi×-related to X is called the horizontal lift of X
and is denoted by liftX. In other words, liftX has range in the horizontal
distribution ker β, and
Tpi× ◦ liftX = X ◦pi×. (7)
Local one parameter local groups of quantomorphisms are generated by C×-
invariant vector fields Z on (L×, β) that preserve the connection form β.
The C×-invariance of Z means that Z is pi×-related to a vector field X on
P . In other words, Tpi× ◦Z = X ◦pi×. Since Tpi× ◦verZ = 0, it follows that
Tpi× ◦horZ = X ◦pi×. Equation (7) and the uniqueness of the horizontal lift
imply that
horZ = liftX. (8)
Because the connection 1-form β is Z-invariant, LZβ = 0, which is equiv-
alent to
Z dβ = −d(Z β). (9)
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Since horZ β = 0, it follows that
Z β = verZ β. (10)
The C×-invariance of Z and β imply C×-invariance of verZ β. Hence,
verZ β pushes forward to a function pi×∗ (verZ β) ∈ C∞(P ). Thus, the
right hand side of equation (9) reads
− d (Z β) = −(pi×)∗d [pi×∗ (ver, Z β)] (11)
By definition, for every c ∈ c, Yc β = c, which implies
Yc dβ = LYcβ − d(Yc β) = 0.
Thus the left hand side of equation (9) reads
Z dβ = horZ dβ. (12)
The quantization condition (3) together with equations (8), (11) and (12)
enable us to rewrite equation (9) in the form
liftX [(pi×)∗(− 1
h
ω)] = −(pi×)∗d [pi×∗ (verZ β)] ,
which can be simplified by pushing forward by pi× both sides and observing
that the push forward by pi× of the pull back by pi× is identity. Multiplying
both sides of the resulting equation by −h, we get
X ω = −d (−hpi×∗ (verZ β)) . (13)
Equation (13) shows that that X is the Hamiltonian vector field of a function
f = −hpi×∗ (verZ β) ∈ C∞(P ). (14)
We write X = Xf . This implies that
horZ = liftXf (15)
We still have to determine the vertical component verZ of Z. For each
`× ∈ L× there is a c ∈ c such that verZ(`×) = Yc(`×). Since Yc(`×) is
tangent to the fibers of the C× principal bundle pi×, the element c of c
depends only on pi×(`×) = p ∈ P . Therefore,
−pi×∗
(
(verZ β)(`×)
)
= −pi×∗
(
(Yc(p) β)(`
×)
)
= −c(p) = f(p)/h
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by equation (14). In other words, for every point `× ∈ L×, verZ(`×) =
−Yf(p)/h(`×), where p = pi×(`×). Abusing notation, we write verZ = −Yf/h.
Thus we have shown that
Z = liftXf − Yf/h. (16)
Since the vector field Z in (16) is uniquely determined by the smooth function
f on P we will denote it by Zf .
We now prove
Lemma 2.1 [liftXf , Yf/h] = 0.
Proof. For c ∈ c, the one parameter group etYc of diffeomorphisms of L×
generated by Yc acts on L× by multiplication by e2pii tc. In other words,
etYc : L× → L× : `× 7→ `×e2pii tc = Ψe2pii tc(`×),
This action preserves fibres of pi× : L× → P . Therefore, the vertical vector
field Yf/h generates a one parameter group etYf/h of diffeomorphisms of L×
given by
etYf/h : L× → L× : `× 7→ `×e2pii tf(p)/h = Ψe2pii tf(p)/h(`×),
where p = pi×(`×). Since the vector field liftXf is C×-invariant we have
T`×Ψexp 2pii tf(p)/h liftXf (`
×) = liftXf
(
Ψe2pii tf(p)/h(`
×)
)
,
that is,
T`×e
tYf/h
(
liftXf (`
×)
)
= liftXf
(
etYf/h(`×)
)
.
So
[liftXf , Yf/h](`
×) =
d
dt t=0
(etYf/h)∗ (liftXf ) (`×)
=
d
dt t=0
T`×e
−tYf/h ( liftXf (etYf/h(`×))) = d
dt t=0
liftXf (`
×) = 0. 
From lemma 2.1 it follows that the flows et liftXf and et Yf/h of the vector
fields liftXf and Yf/h, respectively, commute. Because Zf = liftXf − Yf/h
we have proved
Claim 2.2
etZf = et(liftXf−Yf/h) = et liftXf e−t Yf/h = e−t Yf/het liftXf . (17)
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3 Associated line bundle
We now construct the prequantization line bundle pi : L → P associated to
the principal bundle pi× : L× → P as follows. Let
ρ : C× × C→ C : (b, c) 7→ ρ(b, c) = ρbc = bc. (18)
be multiplication of complex numbers. Define a (right) action of C× on
L× × C by
φ : (L× × C)× C× → L× × C :(
(`×, c), b
) 7→ (Ψb(`×), ρb−1(c)) = (`×b, b−1c) . (19)
Since the action φ is free and proper, its orbit space L = (L× × C)/C× is a
smooth manifold. A point ` = [`×, c] ∈ L corresponds the C× orbit through
(`×, c), namely, ` = {(`×b, b−1c) ∈ L××C b ∈ C×}. Define a (right) action
of C× on L by
Ψ̂ : L× C× → L : ([`×, c], b˜) 7→ [Ψ
b˜
(`×), c] = [`×b˜, c]. (20)
The orbit of Ψ̂ (20) through a point ` = [`×, c] is
{(`×b˜ b, b−1c) ∈ L× × C b˜, b ∈ C×},
which is equal to the fiber Lp, where p = pi×(`×). Explicitly, the complex
line bundle projection map pi : L→ P is given by
pi : L→ L/C× = P : ` = [`×, c] 7→ pi(`) = pi([`×, c]) = pi×(`×). (21)
A local section of pi : L→ P with domain U is a map σ : U ⊆ P → L such
that pi ◦σ is the identity on U . A local section σ of pi defines a C×-equivariant
map σ# : L×|U → C such that, for each p ∈ U and every `× ∈ L×p ,
σ(p) = [`×, σ#(`×)]. (22)
If λ× : U ⊆ P → L× is a local section of pi× : L× → P , then equation (22)
implies that σ# ◦λ× is the component of the local section σ with respect
to the basis of sections of the bundle pi× given by λ×. We may be write
σ = (σ# ◦λ×)λ×. See the appendix for proofs of the above statements.
Let Z be a C×-invariant vector field on L×. This implies that Z is pi×-
related to a vector field X on P , so that Tpi× ◦Z = X ◦pi×. We denote by
etX and etZ the local 1-parameter groups of local diffeomorphisms of P and
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L× generated by X and Z, respectively. Because the vector fields Z and X
are pi×-related, we obtain pi× ◦etZ = etX ◦pi×. In other words, the flow etZ
of Z covers the flow etX of X. The local group etZ of automorphisms of the
principal bundle L× acts on the associated line bundle L by the map
ê tZ : L→ L : ` = [`×, c] 7→ [etZ(`×), c], (23)
which is defined for all ` = [`×, c], for which etZ(`×) is defined.
Lemma 3.1 The map ê tZ is a local 1-parameter group of local automor-
phism of the line bundle L, which covers the local 1-parameter group etX of
the vector field X.
Proof. We compute. For ` = [`×, c] ∈ L we have
ê (t+s)Z(`) = ê (t+s)Z([`×, c]) = [e(t+s)Z(`×), c] = [etZ(esZ(`×)), c]
= ê tZ([esZ(`×), c)] = ê tZ ◦ ê sZ([`×, c]) = ê tZ ◦ ê sZ(`).
Hence, ê tZ is a local 1-parameter group of local diffeomorphisms of L. More-
over,
pi ◦ ê tZ(`) = pi([etZ(`×), c]) = pi×(etZ(`×)) = etX(pi×(`×));
while
etX ◦pi(`) = etX(pi([`×, c])) = etX(pi×(`×)).
This shows that ê tZ covers etX . Finally, for every ` = [`×, c] ∈ L and every
b ∈ C× we have
Ψ̂b(ê
tZ(`)) = Ψ̂b([e
tZ(`×), c]) = [Ψb(etZ(`×)), c] = [etZ
(
Ψb(`
×)
)
, c],
since Z is a C×-invariant vector field on L×. Therefore,
Ψ̂b(ê
tZ(`)) = ê tZ([Ψb(`
×), c]) = ê tZ ◦ Ψ̂b([`×, c]) = ê tZ ◦ Ψ̂b(`).
This shows that ê tZ is a local group of automorphisms of the line bundle
pi : L→ P .
If X is a complete vector field on P , then the flow ê tZ is a 1-parameter
group of automorphisms of pi : L → P , which acts on local sections σ of pi
by the push forward
σ 7→ ê tZ∗ σ = ê tZ ◦σ ◦e−tX . (24)
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If X is not complete, then ê tZ is a local 1-parameter group and equation
(24) is defined only for some t and σ. In any case the derivative of equation
(24) at t = 0 is defined for all smooth sections
RXσ = d
dt t=0
ê tZ∗ σ. (25)
Let σ : U ⊆ P → L be a local section of the line bundle pi : L → P .
For each X ∈ X (P ), the set of smooth vector fields on P , and each ` ∈ L,
let X̂(`) = d
dt t=0̂
e t liftX(`). Set hor` = span{X̂(`) ∈ T`L X ∈ X (p)} and
ver` = span{Ŷc(`) ∈ T`L c ∈ c×}.
Claim 3.2 The distributions hor` and ver` define an Ehresmann connection
Ê on the line bundle pi : L→ P .
Proof. For a proof of this claim see the appendix.
For every X ∈ X (P ), the horizontal lift X̂ of X is a vector field on L
that is pi-related to X, which has local flow ê t liftX . The covariant derivative
∇X of the section σ is the local section
∇Xσ = d
dt t=0
ê t liftX∗ σ =
d
dt t=0
(
ê t liftX ◦σ ◦e−tX
)
. (26)
Using the notation of equation (25) we can write ∇Xσ = RXσ. 
Claim 3.3 For every local section σ of the line bundle pi : L → P and for
every X ∈ X (P ) we have
(∇Xσ)# = −LliftXσ#. (27)
For the definition of the function σ# on L× see equation (22) and equation
(56) in the appendix.
Proof. By definition σ(p) = ` = [`×, σ#(`×)], where pi×(`×) = pi(`).
So σ(e−tX(p)) = [e−t liftX(`×), σ#(e−t liftX(`×))], because pi×(e−t liftX(p)) =
e−tX(pi×(`×)) = e−tX(p). Hence
(ê t liftX∗ σ)(p) = ê
t liftX
(
σ(e−tX(p))
)
= ê t liftX
(
[e−t liftX(`×), σ#(e−t liftX(`×))]
)
= [`×, σ#
(
e−t liftX(`×)
)
]
But we have ê t liftX∗ σ(p) = [`×, (ê t liftX∗ σ)#(`×)], which gives (ê t liftXσ)#(p) =
σ#(e−tX(`×)). Consequently,
(∇Xσ)# =
( d
dt t=0
ê t liftX∗ σ
)#
=
d
dt t=0
ê t liftX∗ σ
#
9
=
d
dt t=0
(e−t liftX)∗σ# = −LliftXσ#,
where the second equality holds because the mapping # is linear on the
vector space of local sections of the line bundle pi : L→ P .
Claim 3.3 links the covariant derivative of sections of the line bundle
pi : L → P with respect to the Ehresmann connection Ê introduced above
to the covariant derivative with respect to the principal connection β of the
principal bundle pi× : L× → P .
Claim 3.4 For every fundamental vector field Yc of the bundle pi× : L× → P
and every local section σ : U ⊆ P → L of the line bundle pi : L → P , we
have RYcσ = 2piic σ. Similarly, for every f ∈ C∞(P ),
RYf/hσ = 2pih if σ. (28)
Proof. Equation (4) implies that etYc(`×) = `× e2pii tc. Hence for every
p = [`×, σ#(`×)] in U we have
RYc(p) =
d
dt t=0
ê tYc∗ σ(p) =
d
dt t=0
ê tYc([`×, σ#(`×)])
=
d
dt t=0
[e tYc(`×), σ#(`×)] =
d
dt t=0
[`×, e2pii tcσ#(`×)]
= 2piic σ(p). 
Recall that for every f ∈ C∞(P ) the vector field Zf = liftXf − Yf/h on
(L×, β) is an infinitesimal quantomorphism corresponding to the infinitesi-
mal symplectomorphism Xf of (P, ω). The results obtained above lead to
Theorem 3.5 For every f ∈ C∞(P ), the infinitesimal quantomorphism
Zf = liftXf − Yf/h generates a local 1-parameter group ê tZf of automor-
phisms of the prequantization line bundle pi : L→ P acting on local sections
σ : U ⊆ P → L by push forward so that
RZfσ =
d
dt t=0
ê
tZf∗ σ = [∇Xf − i~f ]σ, (29)
where ~ = h/2pi.
The map f 7→ Rf is a Lie algebra homomorphism from (C∞(P ), { }),
the space of smooth functions on P under Poisson bracket, to (derS∞(L),
[ , ]), which is the space of derivations of smooth local sections of the line
bundle pi : L→ P under the usual Lie bracket of derivations.
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Claim 3.6 The prequantization operator Pf = i~Rf is a symmetric oper-
ator on the Hilbert space H of square integrable sections of the line bundle
pi : L→ P and satisfies Dirac’s quantization commutation relations
[Pf1 ,Pf2 ] = i~P{f1,f2}, (30)
for evey f1, f2 ∈ C∞(P ). Moreover, Pf is self adjoint if the vector field Xf
is complete.
Proof. We only verify that the commutation relations (30) hold. Let f ,
g ∈ C∞(P ) and let σ ∈ S∞(L). We compute.
[∇Xf − i~f,∇Xg − i~g]σ = [∇Xf ,∇Xg ]σ + i~
(∇Xf (gσ)− g∇Xfσ)
− i~
(∇Xg(fσ)− f∇Xgσ)
=
(
[∇Xf ,∇Xg ] + i~(LXf g − LXgf)
)
σ
The quantization condition
[∇Xf ,∇Xg ]−∇[Xf ,Xg ] = − i~ω(Xf , Xg)
yields
[∇Xf − i~f,∇Xg − i~g] = ∇[Xf ,Xg ] − i~ω(Xf , Xg) + i~(LXf g − LXgf)
But {f, g} = LXgf = −ω(Xf , Xg). So LXf g − LXgf = {g, f} − {f, g} =
−2{f, g}. Since Xg ω = −dg, it follows that
[Xf , Xg] ω = LXfXg ω = −LXfdg = −dLXf g = d{f, g}.
Consequently, [Xf , Xg] = −X{f,g}. So
[∇Xf − i~f,∇Xg − i~g] = ∇X{f,g} − i~{f, g}. 
4 Local Hamiltonian vector fields
Let X be a smooth vector field on the symplectic manifold (P, ω), which
preserves ω. Since ω is closed, we have
0 = LXω = X dω + d(X ω) = d(X ω),
that is, the 1-form ϕ = X ω is closed. For each contractible open subset U
of P there is a smooth function fU , determined up to an additive constant,
11
such that ϕ|U = −dfU . In other words, X is a local Hamiltonian vector
field.
We can say more. Let U = {Ui}i∈I be a good open covering of P , that is,
it is locally finite and every finite intersection of elements of U is either empty
or contractible. Any open covering of P has a refinement which is a good
covering [9]. For each i ∈ I, since Ui is contractible, by the Poincaré lemma,
the closed 1-form ϕi = ϕ|Ui is exact, that is, there is a smooth function
fi : Ui ⊆ P → R such that ϕi = −dfi. For every p ∈ Ui ∩ Uj we have
dfi(p)− dfj(p) = −ϕi(p) + ϕj(p) = 0,
because ϕ is a 1-form on P . Since Ui∩Uj is connected, there is a real number
cij such that
fi − fj = cij for i, j ∈ I such that Ui ∩ Uj 6= ∅. (31)
Thus {cij} is a 1-cochain in C1(U ,R), whereR is the sheaf of locally constant
functions on P . For i, j, k ∈ I such that Ui ∩ Uj ∩ Uk 6= ∅ we have
cik = fi − fk = (fi − fj) + (fj − fk) = cij + cjk, (32)
that is, {cij} is a 1-cocycle of the covering U . The cocycle {cij} (31) deter-
mines a unique first sheaf cohomology class [cij ] in H1(U ,R). This class does
not depend on the covering U , because by de Rham’s theorem H1(U ,R) is
isomorphic to H1dR(P,R), the first cohomology group of P .
Lemma 4.1 The cohomology class [cij ] in H1(U ,R) depends only on the
cohomology class [ϕ] of ϕ in H1dR(P,R).
Proof. To see this consider the 1-form ϕ+ dg on P , where g ∈ C∞(P ). On
Ui by the Poincaré lemma, the 1-form
(ϕ+ dg)|Ui = ϕ|Ui + (dg)|Ui = ϕ|Ui + d(g|Ui) = ϕi + dgi
is exact, that is, ϕi + dgi = −dfi for some fi ∈ C∞(Ui). For every p ∈
Ui ∩ Uj 6= ∅, we have
d(fi + gi)(p)− d(fj + gj)(p) = −ϕi(p) + ϕj(p) = 0.
Because Ui∩Uj is connected, there is a real number dij such that on Ui∩Uj
we have
dij = (fi + gi)− (fj + gj) = (fi − fj) + (gi − gj) = cij ,
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since gi = gj on Ui ∩ Uj . Thus the cohomology class [dij ] of the 1-cocycle
{dij} is equal to the cohomology class [cij ].
Lemma 4.1 allows us to identify the de Rham cohomology class [cij ] with
the de Rham cohomology class [ϕ].
If in equation (31) the constant cij is an integer, then {cij} is a 1-cochain
in C1(U ,Z), where Z is the sheaf of locally constant Z-valued functions on
P . Because equation (32) holds, {cij} is a 1-cocycle. This cocycle determines
a unique cohomology class [cij ] in H1(U ,Z), the first sheaf cohomology group
of U . This class does not depend on the good covering U , because H1(U ,Z)
is isomorphic to H1dR(P,Z). Assume that the cohomology class [ϕ] of the
1-form ϕ lies in H1dR(P,Z). Because the cohomology class [cij ] depends only
on the cohomology class of ϕ, we may identify [cij ] with [ϕ]. We call the
locally Hamiltonian vector field X on P integral if and only if the de Rham
cohomology class [ϕ] of the 1-form ϕ = X ω lies in H1dR(P,Z). Hence
equation (31) holds with cij ∈ Z for any good open covering {Ui}i∈I of P .
Let P˜ be the universal covering space of P with universal covering map
κ : P˜ → P : p˜ 7→ p. Since P˜ is a smooth manifold with κ a surjective
submersion, ω˜ = κ∗ω is a symplectic form on P˜ .
Lemma 4.2 Suppose that X is a locally Hamiltonian vector field on (P, ω).
Then X lifts to a Hamiltonian vector field X
f˜
on (P˜ , ω˜), which is κ-related
to X, that is, Tp˜κXf˜ (p˜) = X
(
κ(p˜)
)
for every p˜ ∈ P˜ . The smooth function
f˜ on P˜ is uniquely determined up to an additive constant c˜.
Proof. Pull back the 1-form ϕ = X ω on P by the covering map κ to a
1-form ϕ˜ on P˜ . Since X is a locally Hamiltonian vector field, ϕ is a closed
1-form. So
dϕ˜ = d(κ∗ϕ) = κ∗(dϕ) = 0,
that is, ϕ˜ is a closed 1-form on P˜ . Because P˜ is simply connected, the 1-form
ϕ˜ is exact, that is, there is a smooth function f˜ on P˜ such that dϕ˜ = −df˜ .
But
ϕ˜ = κ∗ϕ = κ∗(X ω) = X˜ κ∗ω = X˜ ω˜,
where X˜ is a vector field on P˜ , which is κ-related to X. So −df˜ = X˜ ω˜.
Thus X˜ = X
f˜
, the Hamiltonian vector field on (P˜ , ω˜) corresponding to the
smooth function f˜ , which is uniquely determined up to an additive constant.
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Claim 4.3 Let {Ui}i∈I be a good covering of P . Let X be a local Hamilto-
nian vector field on (P, ω) such that X|Ui = Xfi for fi ∈ C∞(Ui). Suppose
that the vector field X is integral. Then there is a smooth mapping [f ] : P →
S1 = R/Z such that [fi] = [f ]|Ui = τ ◦fi. Here τ : R→ S1 : x 7→ x mod Z is
the universal covering map.
Proof. For every i ∈ I we have [fi] = τ ◦fi. Modding both sides of equation
(32) by Z for every p ∈ Ui ∩ Uj we get
0 = fi(p) mod Z− fj(p) mod Z = (τ ◦fi)(p)− (τ ◦fj)(p) = [fi](p)− [fj ](p),
since cij ∈ Z. Thus the pieces [fi] on Ui patch together to give a smooth
mapping [f ] : P → S1.
Lemma 4.4 Let pi : I = I × Z → I : I = (i, n) 7→ i. There is {U˜I}I∈I
a good covering of P˜ such that κ|
U˜I
: U˜I 7→ κ|U˜I(U˜I) = Upi(I) = Ui is a
diffeomorphism for every I ∈ I. So {Ui}i∈I is a good open covering of P .
Proof. Since P˜ is the universal covering space of P , the covering mapping
κ : P˜ → P is a locally trivial bundle with fiber Z. Let {V˜j}j∈J be an
open covering of P˜ such that (V˜j , φj) is a local trivialization of the bundle
κ : P˜ → P with φj : V˜j → Vj × Z, where Vj = φj(V˜j) and κ|V˜j = pi1 ◦φj .
The collection {Vj}j∈J is an open covering of P . There is a refinement
{Ui}i∈I⊆J of {Vj}j∈J , which is a good open covering of P . For every i ∈ I,
the set κ−1(Ui) ⊆ V˜j for some j ∈ J , is the disjoint union of open sets U˜I for
I ∈ pi−1(i) ∈ I, since κ is a covering map. Let σI : Ui → σI(Ui) = U˜I be a
local smooth section of the bundle κ : P˜ → P . Then κ|
U˜I
: U˜I → Upi(I) = Ui
is a diffeomorphism. The collection {U˜I}I∈I is a good open covering of P˜ ,
which is a refinement of {Vj}j∈J .
Suppose that the local Hamiltonian vector field X on (P, ω) is integral.
For a good covering {Ui}i∈I of P such that X|Ui = Xfi for some fi ∈ C∞(Ui)
there is a smooth mapping [f ] : P → S1 = R/Z such that [f ]|Ui = τ ◦fi.
Using the covering map κ pull back the function fi to a smooth function
(κ|
U˜I
)∗fi ∈ C∞(U˜I), where pi(I) = i. The local Hamiltonian vector field
X(κ|
U˜I
)∗fi on U˜I is κ-related to the vector fieldX|Ui for every I ∈ I. By lemma
4.2, the Hamiltonian vector field X
(f˜−c˜)|U˜I is κ-related to X|Ui . Since κ|U˜I is
a diffeomorphism by lemma 4.4, we get X
(f˜−c˜)|U˜I = X(κ|U˜I )∗fpi(I) = X(κ|U˜I )∗fi
for every I ∈ I. Since U˜I is connected, there is a real number c˜I such that
f˜I − c˜ = (κ|U˜I)
∗fpi(I) − c˜I = (κ|U˜I)
∗fi − c˜I, (33)
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where f˜I = f˜ |U˜I . If I, J ∈ I such that U˜I ∩ U˜J 6= ∅, then f˜I = f˜J since the
function f˜ is defined on all of P˜ . Hence
c˜I − c˜J = (c˜I − c˜J) +
(
(f˜I − c˜)− (f˜J − c˜)
)
=
(
(f˜I − c˜) + c˜I
)− ((f˜J − c˜) + c˜J)
= (κ|
U˜I∩U˜J)
∗fi − (κ|U˜I∩U˜J)
∗fj = (κ|U˜I∩U˜J)
∗(fi − fj)
= (κ|
U˜I∩U˜J)
∗(cij) = c˜IJ. (34)
But the vector field X is integral, which implies that cij is an integer, since
the 1-form ϕ = X ω has integral de Rham cohomology. Hence c˜IJ ∈ Z.
Equation (34) states that the 1 cocycle {c˜IJ} in C1(U˜ ,R) for the covering
U˜ = {U˜I}I∈I is a coboundary. Since the vector field Xf˜ on (P˜ , ω˜) is integral,
the 1-form ϕ˜ = X
f˜
ω˜ is integral, that is, [ϕ˜] ∈ H1(P˜ ,Z). But ϕ˜ is a
coboundary, since H1(P˜ ,Z) = 0 for P˜ is simply connected. Because [c˜IJ] =
[ϕ˜] = 0, there is a 0-cochain {c˜ ′I}I∈I in C0(U˜ ,Z), which is a coboundary of
{c˜IJ}. In other words, on U˜I ∩ U˜J we have c˜ ′I − c˜ ′J = c˜IJ. This together with
(34) gives
0 = c˜IJ − c˜IJ = (c˜I − c˜J)− (c˜ ′I − c˜ ′J) = (c˜I − c˜ ′I )− (c˜J − c˜ ′J).
So the constant function c˜I− c˜ ′I on U˜I is a globally defined constant function
d˜ on P˜ . Set c˜ = d˜. Since f˜I − c˜ = (κ|U˜I)∗fi − c˜I and c˜I − c˜ ′I = c˜, we get
f˜I = (κ|U˜I)
∗fpi(I) + c˜− c˜I = (κ|U˜I)
∗fpi(I) − c˜ ′I = (κ|U˜I)
∗fi − c˜ ′I .
For every p˜ ∈ P˜ there is an I ∈ I such that p˜ ∈ U˜I. Then κ(p˜) ∈ Upi(I) = Ui.
So
[f˜ ](p˜) =
(
τ ◦ f˜I
)
(p˜) = τ
(
(κ|
U˜I
)∗fi(p˜)− c˜ ′I (p˜)
)
= τ
(
(κ|
U˜I
)∗fi(p˜)
)
, since c˜ ′I (p˜) = c˜ ′I ∈ Z
= τ
(
fi(κ(p˜))
)
= (τ ◦fi)(κ(p˜)) = κ∗[f ](p˜). (35)
In words, equation (35) states that for an integral locally Hamiltonian
vector field X on the symplectic manifold (P, ω), the associated smooth
mapping [f ] : P → S1 = R/Z formed from the Hamiltonian functions of
the local Hamiltonian vector fields, which comprise X, is the push forward
by the covering map of the smooth mapping [f˜ ] : P˜ → S1 associated to
the integral Hamiltonian vector field X
f˜
on the universal covering space P˜
of P . Here the 1-form df˜ = X
f˜
ω˜ is the pull back of the closed 1-form
ϕ = X ω on P to P˜ by the covering map.
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5 Related quantomorphisms
To see if there are any quantomorphisms of the C× principal bundle
pi× : L× → P with principal connection β, which cover the local sym-
plectomorphisms of (P, ω) contained in the local flow etX of X, we pass
to the universal covering space P˜ of P with universal covering mapping
κ : P˜ → P : p˜ 7→ p. We pull back the bundle pi× : L× → P to the
C× principal bundle pi× : L˜× → P˜ with C× action Ψ˜ such that there is
a smooth mapping κ×, which covers the universal covering map κ, that is,
pi× ◦κ× = κ ◦pi×. Since
L˜× = {˜`× = (`×, p˜) ∈ L× × P˜ pi×(`×) = κ(p˜)},
the maps pi× : L˜× → P˜ and κ× : L˜× → L× correspond to the restriction
to L˜× of the projection maps on the second and first factors of L× × P˜ ,
respectively. It follows that ω˜ = κ∗ω is a symplectic form on P˜ and β˜ = κ∗β
is a principal connection form on the bundle pi× : L˜× → P˜ .
Assume that the vector field X on (P, ω) has a flow etX . Then the
Hamiltonian vector field X
f˜
on (P˜ , ω˜) has a flow etXf˜ , because X
f˜
is κ-
related to X. For every ˜`× = (`×, p˜) ∈ L˜× we have
T˜`×L˜× = {(v`× , vp˜) ∈ T`×L× × Tp˜P˜ T`×pi× v`× = Tp˜ κ vp˜}}.
The map
liftX
f˜
: L˜× → T L˜× : ˜`× = (`×, p˜) 7→ (liftX(`×), X
f˜
(p˜)
)
is a vector field on L˜× because
T`×pi
×(liftX(`×)) = X(pi×(`×)) = X(κ(p˜)) = Tp˜κ(Xf˜ (p˜)).
Moreover, the vector field liftX
f˜
is κ×-related to the vector field X
f˜
, since
T˜`×κ× liftXf˜ (˜`×) = liftX(`×) = liftX(κ(˜`×)). (36)
The vector field liftX
f˜
on (L˜×, β˜) has flow et liftXf˜ (˜`×) = (et liftX(`×), etXf˜ (p˜)),
which lies in L˜× because
pi×
(
et liftX(`×)
)
= etX
(
pi×(`×)
)
= etX
(
κ(p˜)
)
= κ
(
e
tX
f˜ (p˜)
)
.
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Define a (right) action
Ψ˜ : L˜× × C× → L˜× : (˜`× = (`×, p˜), b) 7→ (Ψb(`×), p˜).
The map Ψ˜ is well defined since pi×
(
Ψb(`
×)
)
= pi×(`×) = p = κ(p˜), implies
that
(
Ψb(`
×), p˜
) ∈ L˜×. Let c ∈ c×. Let Y˜c be the vector field on L˜×
defined by Y˜c(˜`×) = ddt t=0Ψ˜exp 2pii tc(˜`×). The vector field Y˜c is the mapping
L˜× → T L˜× : ˜`× = (`×, p˜) 7→ (Yc(`×), 0p˜ ), which is well defined, since
T`×pi
×(Yc(`×)) = 0pi×(`×) = 0p = Tp˜κ(0p˜).
The vector field Y˜c on L˜× is κ×-related to the vector field Yc on L×, because
T`×κ
× Y˜c(˜`×) = Yc(`×) = Yc(κ×(˜`×)). (37)
The flow of Y˜c on
(
L˜×, β˜
)
is given by
et Y˜c(˜`×) = (et Yc(`×), p˜) = (Ψexp 2pii tc(`×), p˜ ) = Ψ˜exp 2pii tc(˜`×).
Claim 5.1 The infinitesimal quantomorphism Z
f˜
= liftX
f˜
−Y˜
if˜/~ on (L˜
×, β˜)
has flow
e
tZ
f˜ = e
tX
f˜ ◦e−tY˜if˜/~ , (38)
which is a 1-parameter group of quantomorphisms of (L˜×, β˜).
Proof. Equation (38) follows because the flows of the vector fields liftX
f˜
and Y˜
if˜/~ commute. We check this. For
˜`× = (`×, p) ∈ L˜× we have
e
sX
f˜ ◦etY˜if˜/~(˜`×) = esXf˜ (etYif˜/~(`×), p˜) = (es liftX ◦et Yif˜/~(`×), p˜ )
=
(
e
t Y
if˜/~ ◦es liftX(`×), p˜
)
= e
t Y˜
if˜/~
(
es liftX(`×), p˜
)
= e
tY˜
if˜/~ ◦es liftXf˜ (˜`×). 
Claim 5.2 Suppose that the locally Hamiltonian vector field X on (P, ω)
with associated mapping [f ] : P → S1 is integral. Then the quantomorphism
e
hZ
f˜ on (L˜×, β˜) is κ×-related to the quantomorphism Σh on (L×, β), where
Σh(`
×) = Ψexp[−2pii[f ](p)]
(
ϕliftXh (`
×)
)
. (39)
Here pi×(`×) = p.
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Proof. Using equations (36) and (37) it follows that
e
tZ
f˜ (˜`×) = et liftXf˜ ◦e−t Y˜if˜/~(˜`×) = (et(liftX−Yif˜/~)(`×), etXf˜ (p˜))
Hence
κ× ◦etZf˜ (˜`×) = et(liftX−Yif˜/~)(κ×(˜`×)) = e−t Yif˜/~ ◦et liftX(`×).
Moreover, the vector field X
f˜
on (P˜ , ω˜) is κ-related to the integral locally
Hamiltonian vector field X on (P, ω). For every p˜ ∈ P˜ we get
h(
1
~
f˜(p˜)) + 2piiZ = h
( i
~
(f˜(p˜) + Z)
)
= h
( i
~
[f˜ ](p˜)
)
= 2pii [f˜ ](p˜) = 2pii κ∗[f ](p˜), using (35)
= 2pii[f ](κ(p˜)) = 2pii [f ](p). (40)
This implies exp
(−2pii[f ](p)) = exp−h( i~ f˜(p˜)). Consequently, e−hYif˜/~(`×)
= Ψexp(−2pii[f ](p))(`×). So
κ× ◦ehZf˜ (˜`×) = eh liftX(e−hYif˜/~(`×) = (eh liftX ◦Ψexp−2pii [f ](p))(`×)
= Ψexp[−2pii [f ](p)]
(
eh liftX(`×)
)
= Σh(`
×). (41)
This verifies (39).
Theorem 5.3 Lifting the quantomorphism Σh of (L×, β) to an action on a
local section σ of the line bundle pi : L→ P gives the shifting operator
a[f ](σ) = e
−2pii[f ] (êh liftX)∗σ. (42)
Here e2pii[f ] is a multiplication operator on the space of local smooth sections
of the line bundle pi : L→ P .
Proof. We provide some more detail. The flow of the quantomorphisms
e
t(liftX− i~Yf˜ ) on (L×, β) lifts to a flow ê t(liftX−Ŷif˜/~) on the line bundle
pi : L→ P given by
ê
t(liftX−Ŷ
if˜/~)(`) = [e
−t Y
if˜/~
(
et liftX(`×)
)
, c],
where ` = [`×, c] ∈ L and pi(`) = pi×(`×) = p. For the local section
σ : P → L of the line bundle pi : L → P , which in local coordinates is
given by σ(p) = [`×, σ#(`×)], we have(
(e
t(liftX− i~Yf˜ )̂
)
∗σ(pi(`)) = (e
t(liftX− i~Yf˜ ))̂ σ
(
pi((e
−t(liftX− i~Yf˜ ))̂ (`))
)
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= (e
t(liftX− i~Yf˜ ))̂ σ
(
e−tX(p)
)
= [e
t(liftX− i~Yf˜ )(`×), σ#
(
e−tX(p)
)
]
= Ψ̂
exp−itf˜/~
(
[et liftX(`×), σ#(e−tX(p))]
)
= Ψ̂
exp−itf˜/~
(
ê t liftX)∗σ
)
(p) =
(
exp(−itf˜/~)(ê t liftX)∗σ
)
(p).
Setting t = h and using equation (40) gives (42). 
Example 5.3 Consider the phase space P = T ∗S˜1 = S˜1 × R with S˜1 =
R/(2piZ). Let (p, ϑ) be coordinates on T ∗S˜1 with symplectic form ω =
dp ∧ dϑ. Let
pi× : L× = C× × T ∗S˜1 → T ∗S˜1 : pi× : (b, (p, ϑ)) 7→ (p, ϑ)
be a C× principal bundle with principal connection 1-form β = 12pii
db
b −
1
hp dϑ. The locally Hamiltonian vector field Xϑ = − ∂∂p associated to the
local Hamiltonian ϑ generates a 1-parameter group of diffeomorphisms
etXϑ : T ∗S˜1 → T ∗S˜1 : (p, ϑ) 7→ (p− t, ϑ).
Since ϑ is a multivalued function on T ∗S˜1, the vector field Xf does not
lift to a connection preserving vector field on L×. The action integral of
Bohr-Sommerfeld quantization is
I(p) =
∫ 2pi
0
p dϑ = 2pip.
The variable canonically conjugate to I is θ = 12piϑ, since ω = dI ∧ dθ. The
locally Hamiltonian vector field Xθ corresponding to θ is − ∂∂I is integral.
Consequently, the lift X
θ˜
of Xθ to the universal covering space P˜ is integral.
Thus X
θ˜
yields the shifting operator a[θ] on sections σ of the associated line
bundle pi : L = C× T ∗S˜1 → T ∗S˜1 : (z, (I, θ)) 7→ (I, θ) given by
a[θ]σ = e
−2pii[θ](êh liftXθ)∗σ = e−iϑ(êh liftXθ)∗σ.
Here êh liftXθ is parallel transport in the associated bundle L, using the Ehres-
mann connection Ê on L along the segement [0, h] of the integral curve
etXθ : [0, h]→ T ∗S˜1 : t 7→ (I − t, θ) = ( 1
2pi
(p− t), 2pi ϑ)
of the locally Hamiltonian vector field Xθ = − ∂∂I = − 12pi ∂∂p on T ∗S˜1. 
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6 Bohr-Sommerfeld quantization of a toral
polarization
6.1 Toral polarization
When the symplectic manifold (P, ω) of dimension 2n is a coadjoint orbit of
a connected Lie group G in the dual of it Lie algebra, prequantization yields
a reducible representation of G on the space S∞(L) of smooth local sections
of the prequantum line bundle pi : L → P . To obtain an irreducible rep-
resentation, the prequantization representation is restricted to the subspace
consisting of smooth local sections, which are covariantly constant along the
integral manifolds of an involutive complex Lagrangian distribution F on P ,
called a polarization of (P, ω). In our context we restrict our attention to
the case where F is the complexification of a real Lagrangian distribution
D on (P, ω), whose collection {Mp}p∈P of integral manifolds form a smooth
manifold B such that the map ρ : P → B : p 7→ Mp is a proper surjective
submersion. If the distribution D has the above properties, we refer to it as
a fibrating polarization of (P, ω) with associated fibration ρ : P → B.
Lemma 6.1.1 Suppose that D is a fibrating polarization of (P, ω). Then the
associated fibration ρ : P → B has an Ehresmann connection E with parallel
translation. So the fibration ρ : P → B is locally trivial bundle.
Proof We construct the Ehresmann connection as follows. For each p ∈ P
let (U,ψ) be a Darboux chart for (P, ω). In other words, (ψ−1)∗(ω|U ) is the
standard symplectic form ω2n on TV , where V = ψ(U) ⊆ R2n with ψ(p) = 0.
In more detail, for every u ∈ U there is a frame ε(u) of P at u, whose
image under Tuψ is the frame ε(v) =
{
∂
∂x1 v
, . . . , ∂∂xn v
, ∂∂y1 v
, . . . , ∂∂yn v
}
of
TvV = R2n, where v = ψ(u), such that
ω2n(v)
( ∂
∂xi v
,
∂
∂xj v
)
= ω2n(v)
( ∂
∂yi v
,
∂
∂yj v
)
= 0
and
ω2n(v)
( ∂
∂xi v
,
∂
∂yj v
)
= δij .
Now look at Mp ∩ U . For u ∈ Mp ∩ U , we see that λv = Tuψ(TuMp)
is a Lagrangian subspace of the symplectic vector space
(
TvV, ω2n(v)
)
. Let
{ ∂∂zj v}
n
j=1
be a basis of λv with {dzj(v)}nj=1 the corresponding dual basis
of λ∗v. Extend each covector dzj(v) by zero to a covector dZj(v) in T ∗v V ,
that is, extend the basis {dzj(v)}nj=1 of λ∗v to a basis {dZj(v)}2nj=1 of T ∗v V ,
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where
{
dZj(v)|λv = dzj(v), for j = 1, . . . , n
dZj(v)|λv = 0, for j = n + 1, . . . , 2n.
Since ω#2n(v) : TvV → T ∗v V is a linear
isomorphism with inverse ω[2n(v) for every v ∈ V , we see that the collection
{ ∂
∂wj v
= ω[2n(v)(dZj(v))}
n
j=1
of vectors in TvV spans an n-dimensional subspace µv. We now show that
µv is a Lagrangian subspace of
(
TvV, ω2n(v)
)
. By definition
ω2n(v)
( ∂
∂wi v
,
∂
∂wj v
)
= ω#2n(v)
( ∂
∂wi v
) ∂
∂wj v
= dZi(v)
∂
∂wj v
= 0.
The last equality above follows because ∂∂wj v /∈ λv. To see this we note that
ω2n(v)
( ∂
∂wj v
,
∂
∂zj v
)
= dZj(v)
∂
∂zj v
= dzj(v)
∂
∂zj v
= 1.
The Lagrangian subspace µv is complementary to the Lagrangian subspace
λv, that is, TvV = λv ⊕ µv for every v ∈ V .
Consequently, horu = Tvψ−1µv is a Lagrangian subspace of
(
TuU, ω(u)
)
,
which is complementary to the Lagrangian subspace TuMp. Since the map-
ping hor|U : U → TU : u 7→ horu is smooth and has constant rank,
it defines a Lagrangian distribution hor|U on U . Hence we have a La-
grangian distribution hor on (P, ω). Since TuMp is the tangent space to
the fiber ρ−1
(
ρ(p)
)
= Mp, the distribution ver|U : U → TU : u 7→ veru =
TuMp = λv defines the vertical Lagrangian distribution ver on P . Because
veru = kerTuρ, it follows that Tuρ(horu) = Tρ(u)B. Hence the linear map-
ping Tuρ|horu : horu → Tρ(u)B is an isomorphism. Since TpP = horm ⊕ verp
for every p ∈ P and the mapping Tpρ|horp : horp → Tρ(p)B is an isomorphism
for every p ∈ P , the distributions hor and ver on P define an Ehresmann
connection E for the Lagrangian fibration ρ : P → B.
Let X be a smooth vector field on B with flow etX . Because the linear
mapping Tpρ|horp : horp → Tρ(p)B is bijective, there is a unique smooth
vector field liftX on P , called the horizontal lift of X, which is ρ-related to
X, that is, Tpρ liftX(p) = X
(
ρ(p)
)
for every p ∈ P . Let et liftX be the flow
of liftX. Then ρ ◦et liftX = etX(ρ(p)). Let σ : W ⊆ B → P be a local section
of the bundle ρ : P → B. Define the covariant derivative ∇Xσ of σ with
respect to the vector field X by
(∇Xσ)(w) = d
dt t=0
et liftX
(
σ(e−tX(w))
)
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for all w ∈ W . Because the bundle projection map ρ is proper, parallel
transport of each fiber of the bundle ρ : P → B by the flow of liftX is defined
as long as the flow of X is defined. Because the Ehresmann connection E
has parallel transport, the bundle presented by ρ is locally trivial, see [3,
p.378–379]. 
Claim 6.1.2 If D is a fibrating polarization of the symplectic manifold (P, ω),
then for every p ∈ P the integral manifold of D through p is a smooth
Lagrangian submanifold of P , which is an n-torus T . In fact T is the fiber
over ρ(p) of the associated fibration ρ : P → B.
We say that D is a fibrating toral polarization of (P, ω) if it satisfies
the hypotheses of claim 6.1.2. The proof of claim 6.1.2 requires several
preparatory arguments.
Let f ∈ C∞(B). Then ρ∗f ∈ C∞(P ). Let Xρ∗f be the Hamiltonian
vector field on (P, ω) with Hamiltonian ρ∗f . We have
Lemma 6.1.3 Every fiber of the locally trivial bundle ρ : P → B is an
invariant manifold of the Hamiltonian vector field Xρ∗f .
Proof. We need only show that for every p ∈ P and every q ∈Mp, we have
Xρ∗f (q) ∈ TqMp. Let Y be a smooth vector field on the integral manifold
Mp with flow etY . Then
ρ∗f
(
etY (q)
)
= f
(
ρ(etY (q))
)
= f
(
ρ(p)
)
,
since etY maps Mp into itself. So
0 =
d
dt t=0
ρ∗f
(
etY (q)
)
= LY (ρ
∗f)(q) = d
(
ρ∗f
)
(q)Y (q)
= ω(q)
(
Xρ∗f (q), Y (q)
)
.
But TqMp is a Lagrangian subspace of the symplectic vector space (TqP, ω(q)).
Consequently, Xρ∗f (q) ∈ TqMp. 
Since the mapping ρ : P → B is surjective and proper, for every b ∈ B
the fiber ρ−1(b) is a smooth compact submanifold of P . Hence the flow etXρ∗f
of the vector field Xρ∗f is defined for all t ∈ R.
Lemma 6.1.4 Let f , g ∈ C∞(B). Then {ρ∗f, ρ∗g} = 0.
Proof For every p ∈ P and every q ∈ Mp from lemma 6.1.3 it follows that
Xρ∗f (q) and Xρ∗g(q) lie in TqMp. Because Mp is a Lagrangian submanifold
of (P, ω), we get
0 = ω(q)
(
Xρ∗g(q), Xρ∗f (q)
)
= {ρ∗f, ρ∗g}(q). (43)
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Since P = qp∈PMp, we see that (43) holds for every p ∈ P . 
Proof of claim 6.1.2 From lemma 6.1.4 it follows that
(
ρ∗(C∞(B)), { , }, ·)
is an abelian subalgebra t of the Poisson algebra (C∞(P ), { , }, ·). Since
the bundle projection mapping ρ : P → B is surjective and dimB = n,
the algebra t has n generators, say, {ρ∗fi}ni=1, whose differentials at q span
Tqρ
−1(b) for every b ∈ B and every q ∈ ρ−1(b). Using the flow etXρ∗fi of the
Hamiltonian vector field Xρ∗fi on (P, ω) define the Rn-action
Φ : Rn × P → P ; (t = (t1, . . . , tn), p) 7→ (et1Xρ∗f1 (p), . . . , etnXρ∗fn (p)) (44)
Since span1≤i≤n{Xρ∗fi(q)} = Tqρ−1(b) and each fiber is connected, being an
integral manifold of the distribution D, it follows that the Rn-action Φ is
transitive on each fiber ρ−1(b) of the bundle ρ : P → B. Thus ρ−1(b) is
diffeomorphic to Rn/Pq, where Pq = {t ∈ Rn Φt(q) = q} is the isotropy
group at q. If Pq = {0} for some q ∈ P , then the fiber ρ−1
(
ρ(q)
)
would be
diffeomorphic to Rn/Pq = Rn. But this contradicts the fact the every fiber
of the bundle ρ : P → B is compact. Hence Pq 6= {0} for every q ∈ P . Since
Rn/Pq is diffeomorphic to ρ−1(b), they have the same dimension, namely, n.
Hence Pq is a zero dimensional Lie subgroup of Rn. Thus Pq is a rank n
lattice Zn. So the fiber ρ−1(b) is Rn/Zn, which is an affine n-torus Tn. 
We now apply the action angle theorem [3, chpt.IX] to the fibrating toral
Lagrangian polarization D of the symplectic manifold (P, ω) with
associated toral bundle ρ : P → B to obtain a more precise description
of the Ehresmann connection E constructed in lemma 6.1.1. For every p ∈ P
there is an open neighborhood U of the fiber ρ−1
(
ρ(p)
)
in P and a symplectic
diffeomorphism
ψ : U = ρ−1(V ) ⊆ P → V × Tn ⊆ Rn × Tn :
q 7→ (j, φ) = (j1, . . . , jn, φ1, . . . , φn)
such that
ρ|U : U ⊆ P → V ⊆ Rn : q 7→ pi1 ◦ψ(q) = j,
is the momentum mapping of the Hamiltonian Tn-action on (U, ω|U ). Here
pi1 : V × Tn → V : (j, φ) → j. Thus the bundle ρ : P → B is locally a
principal Tn-bundle. Moreover, we have (ψ−1)∗ω|U =
∑n
i=1 dji ∧ dφi.
Corollary 6.1.5 Using the chart (U,ψ) for action angle coordinates (j, φ),
the Ehresmann connection E|U gives an Ehresmann connection E|V×Tn on
the bundle pi1 : V × Tn → V defined by
verv = span1≤i≤n{
∂
∂φi v=ψ(u)
} and horv = span1≤i≤n{
∂
∂ji v=ψ(u)
}.
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Proof This follows because Tuψ
(
veru
)
= span1≤i≤n{ ∂∂φi v=ψ(u)} and
Tpψ
(
horu
)
= span1≤i≤n{ ∂∂ji v=ψ(u)} for every u ∈ U . From the preced-
ing equations for every u ∈ U we have veru = span1≤i≤n{Xρ∗(ji)(u)} and
horu = span1≤i≤n{X(pi2 ◦ψ)∗(−φi)(u)}. Here pi2 : V × Tn → Tn : (j, φ) 7→ φ.

Corollary 6.1.6 The Ehresmann connection E on the locally trivial toral
Lagrangian bundle ρ : P → B is flat, that is, ∇Xσ = 0 for every smooth
vector field X on B and every local section σ of ρ : P → B.
Proof In action angle coordinates a local section section σ of the bundle
ρ : P → B is given by σ : V → V ×Tn : j 7→ (j, σ(j)). Let X = ∂∂j` for some
1 ≤ ` ≤ n with flow etX . Let liftX be the horizontal lift of X with respect
to the Ehresmann connection EV×Tn on the bundle pi1 : V ×Tn → V . So for
every j ∈ V we have
(∇Xσ)(j) = d
dt t=0
et liftX
(
σ(e−tX(j))
)
=
d
dt t=0
et liftX
(
σ(j(−t))), where etX(j) = j(t)
=
d
dt t=0
et liftX
(
j, σ(j)
)
, since ji for 1 ≤ i ≤ n are integrals of X
=
d
dt t=0
(
j(t), σ(j(t))
)
, since pi1
(
et liftX(j, σ(j))
)
= etX(j)
= 0.
This proves the corollary, since every vector field X on W ⊆ B may be
written as
∑n
i=1 ci(j)
∂
∂ji
for some ci ∈ C∞(W ) and the flow {ϕ jit }
n
i=1 of
{ ∂∂ji }
n
i=1
on V pairwise commute. 
Claim 6.1.7 Let ρ : P → B be a locally trivial toral Lagrangian bundle,
where (P, ω) is a smooth symplectic manifold. Then the smooth manifold B
has an integral affine structure. In other words, there is a good open covering
{Wi}i∈I of B such that the overlap maps of the coordinate charts (Wi, ϕi)
given by
ϕi` = ϕ` ◦ϕ−1i : Vi ∩ V` ⊆ Rn → Vi ∩ V` ⊆ Rn,
where ϕi(Wi) = Vi have derivative Dϕi`(v) ∈ Gl(n,Z), which does not
depend on v ∈ Vi ∩ V`.
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Proof Cover P by U = {Ui}i∈I , where (Ui, ψi) is an action angle coordinate
chart. Since every open covering of P has a good refinement, we may assume
that U is a good covering. Let Wi = ρ(Ui). Then W = {Wi}i∈I is a good
open covering of B and (Wi, ϕi = pi1 ◦ψi) is a coordinate chart for B. By
construction of action angle coordinates, in Vi∩V` the overlap map ϕi` sends
the action coordinates ji in Vi∩V` to the action coordinates j` in Vi∩V`. The
period lattices Pψ−1i (ji) and Pψ−1` (j`) are equal since for some p ∈ Wi ∩W`
we have ψi(p) = ji and ψ`(p) = j`. Moreover, these lattices do not depend
on the point p. Thus the derivative Dϕi`(j) sends the lattice Zn spanned
by { ∂
∂ji j
}n
i=1
into itself. Hence for every j ∈Wi ∩W` the matrix of Dϕi`(j)
has integer entries, that is, it lies in Gl(n,Z) and the map j 7→ Dϕi`(j) is
continuous. But Gl(n,Z) is a discrete subgroup of the Lie group Gl(n,R)
and Wi ∩W` is connected, since W is a good covering. So Dϕi`(j) does not
depend on j ∈Wi ∩W`. 
Corollary 6.1.8 Let γ : [0, 1]→ B be a smooth closed curve in B. Let Pγ :
[0, 1] → P be parallel translation along γ using the Ehresmann connection
E on the bundle ρ : P → B. Then the holonomy group of the n-toral fiber
Tγ(0) = Tn is induced by the group Gl(nZ) n Zn of affine Z-linear maps of
Zn into itself.
6.2 Quantum states
Quantum states are represented by local sections of the line bundle pi : L→ P
that are constant along the fibrating toral polarization D of the symplectic
manifold (P, ω). If σ is covariantly constant along D, then it is constant on
any integral manifold T of D. Hence σ|T = 0, unless the holonomy group of
the connection E along tori T vanishes. Therefore a local section σ of the line
bundle pi : P → B, which is covariantly constant along D, is a distributional
section supported on T defined by the vanishing of the holonomy of E|T .
Consider classical action angle coordinates (p, ϑ) = (p1, . . . , pn, ϑ1, . . . ,
ϑn) ∈ V × T˜n, where T˜n = R2n/(2pi Zn), defined by a locally trivializing
chart (U,ψ) of p ∈ P for the locally trivial bundle ρ : P → B. Here
ρ|U = (pi1 ◦ψ)|V×T˜n with pi1 : V × T˜n → V : (p, ϑ) → p. And ψ∗(ω|U ) =
d〈p, dϑ〉 = ∑ni=1 dpi∧dϑi.4 The holonomy group of E|T vanishes if and only
if for every 1 ≤ i ≤ n there is an ni ∈ Z such that
Ii =
∫
T
〈p,dϑ〉 = 2pi pi, (45)
4Here we assume that U is an element of a good open covering of P .
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which is equivalent to
pi = ni ~. (46)
Observe that equation (45) is the classical Bohr-Sommerfeld condition [1].
We refer to a torus T satisfying (45) as a Bohr-Sommerfeld torus. This
does not depend on the choice of classical action angle coordinates as T
is defined by the vanishing of its holonomy group. We call the vector
n = (n1, . . . , nn) ∈ Zn the quantum numbers of T , which we denote Tn.
These quantum numbers do depend on the choice of classical action angle
coordinates. If (p′, ϑ′) ∈ V ′ × T˜n is another choice of classical action angle
coordinates defined by the trivializing chart (U ′, ψ′), where T ⊆ U ′, then the
quantum numbers n′ of T in (p′, ϑ′) coordinates are related to the quantum
numbers n of T in (p, ϑ) coordinates by a matrix A ∈ Gl(n,Z) such that
n′ = An, (47)
because by claim 6.1.7 on U ∩U ′ the action coordinate j′ = p′/2pi is related
to the action coordinate j = p/2pi by a constant matrix A ∈ Gl(n,Z). Let
L|U = {n ∈ Zn Tn ⊆ U}. The L|U is the local lattice structure of the
Bohr-Sommerfeld tori Tn, which lie in the classical action angle chart (U,ψ).
If (U,ψ) and (U ′, ψ′) are classical action angle coordinates, then the set of
Bohr-Sommerfeld tori in U ∩ U ′ have compatible lattice structures. More
precisely, on U ∩U ′ the local lattices LU and LU ′ are compatible, if there is
an A ∈ Gl(n,Z) such that LU ′ = ALU . Let U = {Ui}i∈I be a good covering
of P such that for each i ∈ I (Uiψi) is a trivializing chart for classical action
angle coordinates for the toral bundle ρ : P → B. Then {LUi}i∈I is a
collection of pairwise compatible local lattice structures for the collection T
of Bohr-Sommerfeld tori on P . We say T has a local lattice structure.
6.3 Operators
Suppose that σ is a distributional section of the line bundle pi : P → B,
which is supported on a Bohr-Sommerfeld torus T . Since σ is covariantly
constant on T , it is determined by its value at any point of T . Because
T is connected, σ is determined up to a constant factor c ∈ C. Thus the
modulus |c| of c is fixed by normalizing the section σ in the complex Hilbert
space (HD, 〈 | 〉) so that ‖σ‖ = 1. This leaves the phase factor eiγ , where
c = eiγ |c|, arbitrary. In quantum mechanics, a physical state determines its
wave function up to a constant phase factor. Therefore we may interpret
the set T of all Bohr-Sommerfed tori as an orthonormal basis of the Hilbert
space HD of quantum states using the fibrating toral polarization D.
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In geometric quantization relative to the fibrating toral polarization D
of the symplectic manifold (P, ω), a quantum operator is obtained from a
prequantum operator corresponding to a function f ∈ C∞(P ), which gener-
ates a Hamiltonian vector field Xf that preserves the polarization D. If the
vector field Xf is complete, then it gives rise to a 1-parameter group etZf
of quantomorphisms of the line bundle pi : L → P , which act of the space
S∞(L) of smooth sections of the bundle pi by push forwards, namely,
(ê tXf )∗ : S∞(L)→ S∞(L) : σ 7→ (ê tXf )∗σ. (48)
If the vector field Zf on L has values in the polarization D and the section
σ is covariantly constant along D, then equation (48) implies that
d
dt t=0
(ê tXf )∗σ =
i
~
f σ. (49)
Taking equation (25) and the definition of the prequantum operator Pf into
account, we see that Pfσ = f σ. In other words, if the smooth function f is
the pull back by the bundle projection map ρ : P → B of a smooth function
on B, that is, f depends only on the local action variables, then the operator
Pf acts on the Hilbert space HD by multiplication by f .
Consider an integral locally Hamiltonian vector field X on (P, ω), for
which there is a good covering U = {Ui}i∈I such that X|Ui = Xfi , where
fi ∈ C∞(Ui) is equal to ρ∗fi ∈ C∞(Wi) and Wi = ρ(Ui). Moreover, assume
that for U ∈ U (U,ψ) is a local trivialization of the toral bundle ρ : P →
B, where ρU : U → V × T˜n, which corresponds to classical action angle
coordinates (p, ϑ) = (p1, . . . , pn, ϑ1, . . . , ϑn) ∈ V × T˜n with (ρ|U )∗ω|U =∑n
i=1 dpi∧dϑi. Without loss of generality we may assume that X|U in these
classical action angle coordinates is the Hamiltonian vector field Xθ1 , where
θ1 = ϑi/2pi. In other words, Xθ1 =
1
2pi
∂
∂p1
. Consider another system of local
classical action angle coordinates (p′, ϑ′) associated to the local trivialization
(U ′, ψ′), where U ′ ∈ U such that U ∩U ′ 6= ∅. Then the overlap map for the
trivializations induces a constant overlap map for the actions, which is given
by A ∈ Gl(n,Z). Hence, p′ = Ap and ∂∂p1 V ∩V ′ =
∂
∂p′1 V ∩V ′. Thus Xθ1 on
V × T˜n may be extended to a vector field Xθ′1 on V ′ × T˜n.
Since θ1 is not a globally defined function on P , the local integral Hamil-
tonian vector field X does not lift to an infinitesimal quantomorphism of the
line bundle pi : L→ P . Nevertheless it gives rise to a shifting operator a[θ1],
which is defined on local sections σ of the line bundle pi that are supported
in U . Here [θ1] : P → S1 = R/Z is the smooth mapping induced from a
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smooth function θ˜1, which has compact support in P and is equal to 1 on U .
Specifically, [θ1] = τ ◦ θ˜1, where τ : R → S1 : x 7→ x mod Z is the universal
covering map.5 In particular,
a[θ1]σ = e
−2pii[θ1](êh liftX)∗σ,
provided that supp (êh liftX)∗σ ⊆ U . We can consider powers ak[θ1] provided
that supp (ê `h liftX)∗σ ⊆ U for ` = 1, . . . , k. If the local Hamiltonian vec-
tor field X is complete, then we get an infinite discrete group of shifting
operators acting on HD. Otherwise, some power of the shifting operator
a[θ1] is not defined. In particular, let σ be a covariantly constant section
of the line bundle pi : L → P with support the Bohr-Sommerfeld torus
Tn = T(n1,...,nn) ⊆ U . Then ak[θ1]σ is a covariantly constant section with
support the Bohr-Sommerfeld torus Tn′ = T(n1+k,n2,...,nn), provided that
Tn′ ⊆ U . Eventually, the sequence of Bohr-Sommerfeld tori supported on σ,
a[θ1]σ, . . ., ak[θ1]σ may run off U into another action angle coordinate domain
(U ′, ψ′) with U ′ ∈ U .
We can do this for every domain (Ui, ψi) with i ∈ I of classical action
angle coordinates on P . Let p and p′ ∈ P and let γ : [0, 1]→ P be a smooth
curve joining p to p′. We can choose a good subcovering Uii∈K of U , where
K is a finite subset of I, so that γ([0, 1]) ⊆ ∪k∈KUk. The classical action
function at p′ obtained by extending the action function at p, in general
depends on the path γ. If the holonomy group of the connection E on the
bundle ρ : P → B vanishes, then this extension process does not depend on
the path γ, because the extension is performed by parallel transporting the
toral fibers of ρ and thus the action functions along γ. In this case, there are
global action functions on P . So the vector field Xθ1 is globally defined.
Example 6.4 Look at the spherical pendulum, which is a Liouville integrable
system with integral map
F : T ∗S2 → R \ {(1, 0)} ⊆ R2
given by the Hamiltonian functions H of total energy and angular momen-
tum J , see figure 1. The open set of regular values R of the mapping F has
5The function θ˜1 exists. To see this start with an open covering of P each of whose
elements is a domain for classical action angle coordinates. There exists a good open
subcovering U˜ = {U˜j}j∈J of this covering. Let U = {U}i∈I be a good open covering of P ,
which is a refinement of U˜ . Since good open coverings are locally finite, there is a partition
of unity {ϕj}j∈J subordinate to U˜ . Let θ˜1 =
∑
{j∈J U˜j∩U 6=∅}ψjθ1.
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the homotopy type of S1 and the point (1, 0) is an isolated critical value.
Moreover, a fiber of F |F−1(R) over a point in R is a connected 2-torus. For
proofs of these assertions see [3, chpt. V]. At every point of T ∗S2 there
are local action angle coordinates. The fibers of the integral map F , corre-
sponding to points (h, j) of energy and angular momentum in the figure 1,
are Bohr-Sommerfeld tori in T ∗S2.
h
`
Figure 1. The Bohr-Sommerfeld quantum states of the
spherical pendulum in R.
1
Thus there are local shifting operators, see figure 2. Since the spherical
h
`
Figure 2. Shifting operators on the Bohr-Sommerfeld tori
of the spherical pendulum, which illustrate the effect of
monodromy.
pendulum has monodromy, there are no global action coordinates. This can
be seen in figure 2, where after encircling the point (1, 0) the original rectan-
gle Q becomes the parallelogram obtained by applying the linear mapping(
1 1
0 1
)
to Q. 
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7 Appendix: Associated line bundle
We recall some basic facts about the C× principal bundle presented by
pi× : L× → P . There is an open covering {Ui}i∈I of P with the property:
{(pi×)−1(Ui)}i∈I is an open covering of L× such that {
(
(pi×)−1(Ui),Φ|Ui
)}
i∈I
is a system of local trivializations, that is,
Φi = Φ|Ui : (pi×)−1(Ui)→ Ui × C× : `× →
(
pi×(`×), b
)
= (p, b),
is a diffeomorphism with pi× = pi1 ◦Φi with pi1 : Ui × C× → Ui : (p, c) 7→ p.
Each trivializing map Φi is C× equivariant, that is, for every b′ ∈ C×
Φi
(
Ψb′(`
×)
)
= (pi×(`×), bb′) = (pi×(`×), b) · b′,
where · is a (right) action of C× on Ui × C× defined by
· : (Ui × C×)× C× → Ui × C× :
(
(p, b), b′
) 7→ (p, b) · b′ = (p, bb′).
For i, j ∈ I such that Ui ∩ Uj 6= ∅, we have overlap maps
Φij = Φj ◦Φ−1i : (Ui∩Uj)×C× → (Ui∩Uj)×C× : (p, b) 7→
(
p, bcij(p)
)
, (50)
where cij : Ui ∩ Uj → C× is the transition map. The set {cij} of transition
maps associated to the covering {Ui}i∈I has the following properties.
(a) cji(p) = (cij(p))−1 for all p ∈ Ui ∩ Uj 6= ∅.
(b) cik(p) = cij(p)cjk(p) for all p ∈ Ui ∩ Uj ∩ Uk 6= ∅.6
We now construct the complex line bundle pi : L → P associated to the
C× principal bundle presented by pi×. Let ρ : C× × C → C : (b, c) 7→ bc.
Then the mapping C× → Gl (C,C) : b → ρb is a faithful representation of
the group C×. Define a (right) action of C× on L× × C by
φ : (L× × C)× C× → L× × C : ((`×, c), b) 7→ (Ψb(`×), ρb−1(c)).
Since the action φ is free and proper, its orbit space L = (L× × C)/C× is
a smooth manifold, a point [`×, c], that corresponds to (`×, c) ∈ L× × C, is
the C× orbit {(Ψb(`×), ρb−1(c)) ∈ L× × C b ∈ C×}. Define a (right) action
of C× on L by
Ψ̂ : L× C× → L : ([`×, c], b˜) 7→ [Ψ
b˜
(`×), c]. (51)
6If the collection {cij} of transition functions associated to the covering {Ui}i∈I satifies
conditions (a) and (b), then there is a principal C× bundle pi× : L× → P whose overlap
maps satisfy (50), see Steenrod [13].
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We check that Ψ̂ is well defined. We compute[
Ψ
b˜
(`×), c] =
{[
Ψb
(
Ψ
b˜
(`×)
)
, (ρb−1 ◦ρb˜−1)(ρb˜(c))
] ∈ L b ∈ C×}
=
{[
Ψ
b˜b
(`×), ρ
(˜bb)−1(ρb˜(c))
] ∈ L b ∈ C×}
=
{[
Ψb′(`
×), ρ(b′)−1(ρb˜(c))
] ∈ L b′ = b˜b ∈ C×}
= [`×, ρ
b˜
(c)]. (52)
Hence we have the well defined orbit map
pi : L→ L/C× : ` = [`×, c] 7→ pi×(`×).
It follows that the orbit space L/C× is the manifold P . Let {Ui}i∈I be an
open covering of P . Since pi−1(Ui) = {` = [`×, c] ∈ L `× ∈ (pi×)−1(Ui)}, we
see that {pi−1(Ui)}i∈I is an open covering of L. Let
φi : pi
−1(Ui)→ Ui × C : ` = [`×, c] 7→
(
pi×(`×), c
)
= (p, c).
Then φi is a diffeomorphism such that pi1 ◦φi = pi.
Lemma 7.1 The map φi is C× equivariant, that is, for every b ∈ C× we
have φi(Ψ̂b(`)) = b ∗ φi(`), where
∗ : C× × (Ui × C)→ Ui × C :
(
b, (p, c)
) 7→ b ∗ (p, c) = (p, ρb(c))
is a C× action on Ui × C.
Proof. We compute. Let ` = [`×, c] ∈ L. Then Ψ̂b(`) = [Ψb(`×), c] =
[`×, ρb(c)]. So
φi(Ψ̂b(`)) = (pi
×(`×), ρb(c)) = (p, ρb(c)) = b ∗ (p, c) = b ∗ φi(`). 
We say that {(pi−1(Ui), φi)}i∈I is a system of local trivializations for the
line bundle presented by pi.
Lemma 7.2 For i, j ∈ I such that Ui ∩ Uj 6= ∅ we have an overlap map
φij = φj ◦φ−1i : (Ui ∩Uj)×C→ (Ui ∩Uj)×C : (p, c) 7→
(
p, ρcij(p)(c)
)
, (53)
where cij : Ui ∩ Uj → C× is the transition map in the overlap map Φij (50)
for C× principal bundle pi×.
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Proof. The expression (53) for the overlap map needs justification. By
construction in the local trivalization φi of the line bundle presented by pi
the coordinates of ` = [`×, c] ∈ pi−1(Ui) are (p, c). In the local trivialization
Φi of the C× principal bundle presented by pi× the coordinates of `× are
(p, b); whereas using (50) in the local trivialization Φj they are
(
p, bcij(p)
)
,
which are the coordinates of Ψcij(p)(`
×) in the trivialization Φi. Using (52)
the coordinates of
Ψ̂cij(p)(`) = [Ψcij(p)(`
×), c] = [`×, ρcij(p)(c)],
in the local trivialization φi are(
pi×(`×), ρcij(p)(c)
)
=
(
p, ρcij(p)(c)
)
,
which are the coordinates of Ψ̂cij(p)(`) in the local trivialization φj . This
gives the expression (53) for the overlap map φij . 
Let σi : Ui → L be a local section of the line bundle pi : L→ P , that is,
pi ◦σi = idUi . So σi(Ui) ⊆ pi−1(Ui). Let
(
pi−1(Ui), φi
)
be a local trivialization
of the bundle presented by pi. For every p ∈ Ui we have σi(p) ∈ pi−1(p) ⊆ L.
So σi(p) = [`×, σ
#
i (`
×)] for some `× ∈ L× such that pi×(`×) = p and some
smooth function σ#i : L
× → C. Now [`×, σ#i (`×)] ∈ pi−1(p), because
φi([`
×, σ#i (`
×)]) =
(
pi×(`×), σ#i (`
×)
)
=
(
p, σ#i (`
×)
)
,
which implies pi([`×, σ#i (`
×)]) = p. Moreover, for every b ∈ C× we have
[Ψb(`
×), σ#i (Ψb(`
×))] ∈ pi−1(p), since
φi
(
[Ψb(`
×), σ#i (Ψb(`
×))]
)
=
(
pi×(Ψb(`×)), σ
#
i (Ψb(`
×))
)
=
(
pi×(`×), σ#i (Ψb(`
×))
)
=
(
p, σ#i (Ψb(`
×))
)
,
which implies pi
(
[Ψb(`
×), σ#i (Ψb(`
×))])
)
= p. So the points [`×, σ#i (`
×)] and
[Ψb(`
×), σ#i (Ψb(`
×))] lie in the same C× orbit on L. But [Ψb(`×), σ#i (Ψb(`×))]
= [`×, ρb
(
σ#i (Ψb(`
×))
)
]. Hence σ#i (`
×) = ρb
(
σ#i (Ψb(`
×))
)
, that is, for every
b ∈ C× we have
σ#i (Ψb(`
×)) = ρb−1
(
σ#i (`
×)
)
. (54)
Suppose that equation (54) holds. Define
σi : Ui → L : p 7→ [`×, σ#i (`×)], (55)
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where p = pi×(`×) = pi
(
[`×, σ#i (`
×)]
)
, since
φi
(
[`×, σ#i (`
×)]
)
=
(
pi×(`×), σ#i (`
×)
)
=
(
p, σ#i (`
×)
)
.
Consequently, pi ◦σi = idUi , that is, σi is a local section of the line bundle
pi : L→ P . Because (54) holds, we have
[`×, σ#i (`
×)] = [`×, ρb
(
σ#i (Ψb(`
×))
)
] = [Ψb(`
×), σ#i (Ψb(`
×))]. (56)
Hence the definition (55) of the value σi(p) does not depend on the choice
of `× ∈ pi−1(p). So the local section σi is well defined.
Let etX be the flow of the vector field X on P . Then liftX is the vector
field on the principal bundle pi× : L× → P with principal connection β,
which is the horizontal lift of X, namely, liftX(`×) ∈ kerβ(`×) for every
`× ∈ L×. Let et liftX be the flow of liftX. Then
ê tX : R× L→ L : (t, `) 7→ [et liftX(`×), c],
for every ` = [`×, c] ∈ L, is a 1-parameter group of diffeomorphisms of L,
because
ê(t+s)X(`) = [e(t+s)liftX(`×), c]) = [et liftX ◦es liftX(`×), c]
= ê tX [es liftX(`×), c] = ê tX ê sX([`×, c]) = ê tX ê sX(`).
For each ` = [`×, c] ∈ L, let
X̂(`) =
d
dt t=0
ê tX(`) = [
d
dt t=0
et liftX([`×, 0]) = [liftX(`×), 0]
and let hor` = span{X̂(`) ∈ T`L X ∈ X (P )}, where X (P ) is the set of
smooth vector fields on P . By construction the vector field X̂ on L is pi-
related to the vector field X on P , that is, T`piX̂(`) = X(pi(`)). For each
` ∈ L let ver` = span{Ŷc(`) ∈ T`L c ∈ c}, where Ŷc(`) = ddt t=0Ψ̂exp 2pii tc(`).
Since
Ψ̂exp ct(`) = Ψ̂exp ct([`
×, c]) = [Ψexp ct(`×), c]
=
(
pi×(Ψexp ct(`×)), c
)
=
(
pi×(`×), c
)
,
we get pi
(
Ψ̂exp ct(`)
)
= pi(`), which implies Ŷc(`) ∈ kerT`pi. So ver` = kerT`pi.
Since T`pi X̂(`) = X(pi(`)), we get T`pi hor` = Tpi(`)P . Suppose that v` ∈
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ver` ∩ hor`. Then v` = Ŷc(`) for some c ∈ c and v` = X̂(`) for some
X ∈ X (P ). So
0 = T`pi Ŷc(`) = T`pi v` = T`pi X̂(`) = X(pi(`)).
Hence v` = X̂(`) = 0, which shows that ver` ∩ hor` = {0}. Now T`pi(v`) ∈
Tpi(`)P . So there is an X ∈ X (P ) such that T`pi v` = X(pi(`)). Write
v` = (v` − X̂(`)) + X̂(`). Then X̂(`) ∈ hor`; while
T`pi
(
v` − X̂(`)
)
= T`pi v` − T`pi X̂(`) = X(pi(`))−X(pi(`)) = 0.
So
(
v`− X̂(`)
) ∈ ver`. Thus T`L = ver`⊕hor`. This shows that the C-linear
mapping T`pi|hor` : hor` → Tpi(`)P is bijective. Hence the distributions verL
with verL(`) = ver` and horL with hor(`) = hor` on L define an Ehresmann
connection on the associated line bundle pi : L→ P . By definition for every
X ∈ X (p) the vector field X̂ on L is horizontal.
Let σ : U ⊆ P → L be a local section of the line bundle pi : L→ P . For
every X ∈ X (P ) the covariant derivative ∇X of the local section σ is the
local section
(∇Xσ)(p) = d
dt t=0
(ê tX̂)∗σ)(p) =
d
dt t=0
et liftX
(
σ(e−tX(p))
)
,
for every p ∈ U . Since
d
dt t=0
ê t X̂
(
σ(e−tX(p))
)
= − d
dt t=0
ê−t X̂
(
σ(etX(p))
)
,
we get ∇X(p) = − ddt t=0(ê
t X̂)∗σ)(p).
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